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���,QWURGXFWLRQ

,Q� WKLV� FKDSWHU�� ZH� GLVFXVV� %D\HVLDQ� $QDO\VLV� RI� WKH� 0XOWLQRPLDO� 3URELW� 0RGHO

�013��XVLQJ�0DUNRY�&KDLQ�0RQWH�&DUOR�PHWKRGV���$OWKRXJK�WKH�013�PRGHO�KDV�EHHQ�LQ

WKH� HFRQRPHWULFV� DQG� SV\FKRORJ\� OLWHUDWXUH� IRU� VRPH� ��� \HDUV�� LW� LV� RQO\� UHFHQWO\� WKDW

HVWLPDWLRQ�DQG�LQIHUHQFH�PHWKRGV�KDYH�PDGH�LW�IHDVLEOH�WR�DQDO\]H�013�PRGHOV�ZLWK�PRUH

WKDQ�WZR�RU�WKUHH�UHVSRQVH�FDWHJRULHV���&ODVVLFDO�VDPSOLQJ�WKHRUHWLF�DSSURDFKHV�WR�HVWLPDWLRQ

RI� WKH� 013� PRGHO� KDYH� UHFHQWO\� EHHQ� SURSRVHG� LQ� WKH� HFRQRPHWULFV� OLWHUDWXUH� �VHH

+DMLYDVVLOLRX� >����@� IRU� DQ� H[FHOOHQW� RYHUYLHZ� RI� WKHVH� PHWKRGV��� � $OO� RI� WKHVH� FODVVLFDO

HFRQRPHWULF� PHWKRGV� UHO\� RQ� DV\PSWRWLF� DSSUR[LPDWLRQV� WR� FRQGXFW� LQIHUHQFH� DERXW� WKH

SURELW�PRGHO� SDUDPHWHUV�� �0F&XOORFK� DQG� 5RVVL� ������� VKRZ� WKDW� LV� SRVVLEOH� WR� FRQGXFW

H[DFW��OLNHOLKRRG�EDVHG�LQIHUHQFH�IRU�WKH�013�PRGHO�E\�XVLQJ�D�%D\HVLDQ�VLPXODWLRQ�PHWKRG

ZKLFK�FRPSOHPHQWV�WKH�ZRUN�E\�$OEHUW�DQG�&KLE��������RQ�WKH�ELQRPLDO�SURELW�PRGHO��VHH

=HOOQHU� DQG� 5RVVL� >����@� IRU� D� QRQ�VLPXODWLRQ� DSSURDFK� WR� %D\HVLDQ� LQIHUHQFH� LQ� WKH

ELQRPLDO�VHWWLQJ����(YLGHQFH�LQ�0F&XOORFK�DQG�5RVVL��������DQG�*HZHNH��.HDQH�DQG�5XQNOH

������� VKRZV� WKDW� WKH� DV\PSWRWLF� DSSUR[LPDWLRQV� XVHG� LQ� WKH� FODVVLFDO� DSSURDFKHV� FDQ� EH

LQDFFXUDWH� DQG� WKDW� WKH� LPSURYHG� LQIHUHQFH�DYDLODEOH� LQ� WKH�%D\HVLDQ�DSSURDFK� LV� QR�PRUH

FRPSXWDWLRQDOO\�GHPDQGLQJ�WKDQ�WKH�FODVVLFDO�VLPXODWLRQ�EDVHG�DSSURDFKHV�

2XU� %D\HVLDQ� PHWKRG� FDQ� HDVLO\� EH� H[WHQGHG� WR� KDQGOH� KLHUDUFKLFDO� RU� UDQGRP

FRHIILFLHQW�PRGHOV� XVHG�ZLWK� SDQHO� GDWD�� DXWRFRUUHODWHG� ODWHQW� UHJUHVVLRQ� HUURUV�� DQG� QRQ�

QRUPDO�UDQGRP�FRHIILFLHQW�GLVWULEXWLRQV�DOO�ZLWKLQ�WKH�VDPH�KLHUDUFKLFDO�IUDPHZRUN����%HORZ

ZH�RXWOLQH�DSSURDFKHV�IRU�HDFK�RI�WKHVH�LPSRUWDQW�H[WHQVLRQV��$OO�RI�WKHVH�H[WHQVLRQV�EXLOG

RQ� WKH� EDVLF� KLHUDUFKLFDO� PRGHO� VWUXFWXUH� ODLG� RXW� LQ� 0F&XOORFK� DQG� 5RVVL�� � $� FULWLFDO

FRPSRQHQW�RI�WKH�%D\HVLDQ�DSSURDFK�WR�LQIHUHQFH�LQ�WKH�013�LV�D�SULRU�RQ�WKH�FRYDULDQFH
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PDWUL[�RI�WKH�ODWHQW�UHJUHVVLRQ�HUURUV�� �:H�UHYLHZ�WZR�EDVLF�DSSURDFKHV�WR�VSHFLI\LQJ�WKHVH

FRYDULDQFH� PDWUL[� SULRUV�� � :H� DOVR� UHYLHZ� WKH� DSSURDFK� RI� WKH� %DUQDUG�� 0F&XOORFK� DQG

0HQJ��������DQG�VKRZ�KRZ�WKLV�YHU\�IOH[LEOH�FODVV�RI�FRYDULDQFH�PDWUL[�SULRUV�FDQ�EH�XVHG�LQ

WKLV�VLWXDWLRQ�

���7KH�013�0RGHO�DQG�,GHQWLILFDWLRQ

����7KH�0RGHO

7R� EHJLQ�� ZH� EULHIO\� UHYLHZ� WKH� QRWDWLRQ� IRU� WKH� 013� PRGHO�� � /HW� <� EH� D

PXOWLQRPLDO� UDQGRP� YDULDEOH�ZKLFK� WDNHV� RQ� RQH� RI� WKH� SRVVLEOH� YDOXHV�� ^���«�� S`�� � � ,Q

PDQ\�HFRQRPHWULF�DSSOLFDWLRQV��<�GHQRWHV�WKH�FKRLFH�PDGH�E\�HFRQRPLF�DJHQWV�EHWZHHQ�S

DOWHUQDWLYH� JRRGV�� �:H� REVHUYH� <� FRQGLWLRQDO� RQ� LQIRUPDWLRQ� FRQWDLQHG� LQ� WKH� PDWUL[� =

S N× 
1 6 ���7KH�FRQGLWLRQDO�GLVWULEXWLRQ�RI�<�_�=�LV�VSHFLILHG�YLD�D�ODWHQW�UHJUHVVLRQ�V\VWHP�
L� 8 = Y= +δ ZKHUH�Y 1a �� Ω0 5

:H�GR�QRW�REVHUYH�8�GLUHFWO\�EXW�LQVWHDG�REVHUYH�WKH�LQGH[�RI�WKH�PD[LPXP�:

LL� < L LI 8 8
L L

= =PD[ 0 5

+HUH�PD[�8��PHDQV�WKH�PD[LPDO�HOHPHQW�RI�� ′ =
′

8 8 8 8S� �� � �K3 8 �
8�LV�RIWHQ�LQWHUSUHWHG�LQ�WKH�FKRLFH�FRQWH[W�DV�WKH�V\VWHP�RI�ODWHQW�XWLOLWLHV�DVVRFLDWHG

ZLWK� S� FKRLFH� DOWHUQDWLYHV�� $JHQWV� FKRRVH� DPRQJ� WKH� PXWXDOO\� H[FOXVLYH� S� FKRLFH

DOWHUQDWLYHV�VR�DV�WR�PD[LPL]H�XWLOLW\�EXW�WKH�HFRQRPHWULFLDQ�LV�XQDEOH�WR�REVHUYH�WKH�XWLOLW\

OHYHOV�DQG�PXVW�PDNH�LQIHUHQFHV�DERXW�XWLOLW\�XVLQJ�FKRLFH�LQIRUPDWLRQ�DORQH�

L�� DQG� LL��GHILQH� WKH�VDPSOLQJ�PRGHO��<�_�=��δ�Σ�� �7\SLFDOO\��ZH�REVHUYH� WKH�VHW�RI

REVHUYDWLRQV� < =
L L
�1 6� DQG� DVVXPH� WKDW� WKH\� DUH� LLG� DFFRUGLQJ� WR� WKH� VDPSOLQJ�PRGHO�� � ,Q

PDQ\�DSSOLFDWLRQV�� FKRLFH�GDWD� LV� REWDLQHG�E\�REVHUYLQJ� D�SDQHO� RI� FRQVXPHUV� DQG� WKH� LLG
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DVVXPSWLRQ� UHTXLUHV� PRGLILFDWLRQ�� � ,Q� VHFWLRQ� �� EHORZ�� ZH� HODERUDWH� WKH� PRGHO� WR

DFFRPPRGDWH�D�SDQHO�VWUXFWXUH�

$W� WKLV�SRLQW��ZH� FDQ� UHDGLO\� DSSUHFLDWH� WZR�SUREOHPV� DVVRFLDWHG�ZLWK� LQIHUHQFH� LQ

WKLV� PRGHO�� � )LUVW�� WKH� PRGHO� DV� VSHFLILHG� LQ� ���� DQG� ���� LV� QRW� LGHQWLILHG�� � 6HFRQG�� WKH

OLNHOLKRRG� RI� δ��∑� _� <�� =� UHTXLUHV� WKH� HYDOXDWLRQ� RI� WKH� FRQGLWLRQDO� PXOWLQRPLDO� FKRLFH

SUREDELOLWLHV�ZKLFK� UHTXLUH� LQWHJUDWLRQ�RI� D�S�GLPHQVLRQDO�QRUPDO�GLVWULEXWLRQ�RYHU� VHWV� RI

WKH�IRUP� 8< 8 L0 5= B= ���7KHVH�VHWV�DUH�FRQHV�RYHU�ZKLFK�WKH�QRUPDO�GLVWULEXWLRQ�LV�GLIILFXOW

WR� LQWHJUDWH�� � 0XFK� RI� WKH� UHVHDUFK� RQ� WKH� 013� PRGHO� KDV� EHHQ� GHYRWHG� WR� WKH

GHYHORSPHQW� RI� PHWKRGV� IRU� FRPSXWLQJ� WKHVH� LQWHJUDOV� ZKLFK� ZRXOG� DOORZ� IRU� IDVW

HYDOXDWLRQ�RI�WKH�OLNHOLKRRG�IXQFWLRQ�RU�PRPHQW�FRQGLWLRQV�

����,GHQWLILFDWLRQ

$V�LV�ZHOO�NQRZQ��WKH�PRGHO�VSHFLILHG�E\�L��DQG�LL��LV�QRW�LGHQWLILHG����7KH�GLVWULEXWLRQ

RI��<_=�LV�XQFKDQJHG�DGGLQJ�D�VFDODU�UDQGRP�YDULDEOH� WR�DOO�FRPSRQHQWV�RI�8�RU�E\�VFDOH

VKLIWV���7KH�ORFDWLRQ�LQYDULDQFH�SUREOHP�LV�VROYHG�E\�GLIIHUHQFLQJ�WKH�V\VWHP�ZKLFK�UHVSHFW

WR�VRPH�EDVH�FKRLFH�DOWHUQDWLYH��ZKLFK�ZH�DVVXPH�LV�DOWHUQDWLYH����

: 8 8 L S
L L

= − = −+� �
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,I�WKHUH�DUH�LQWHUFHSW�WHUPV�LQ�WKH�=�PDWUL[�IRU�HDFK�FKRLFH�DOWHUQDWLYH��WKHQ�WKH�GLIIHUHQFLQJ

RI� WKH� URZV� RI�=� H[SUHVVHV� HDFK� RI� WKH� LQWHUFHSWV� DV� GLIIHUHQFHV� ZLWK� UHVSHFW� WR� WKH� ILUVW

FKRLFH�DOWHUQDWLYH���7KXV��WR�DFKLHYH�LGHQWLILFDWLRQ�ZH�FXVWRPDULO\�VHW�WKH�ILUVW�HOHPHQW�RI�δ

WR�]HUR����)URP�WKLV�SRLQW�RQ��ZH�ZLOO�FDOO�WKLV�YHFWRU��β�� �7KH�VDPSOLQJ�PRGHO�FDQ�QRZ�EH

ZULWWHQ�DV
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:KLOH�GLIIHUHQFLQJ�WKH�V\VWHP�UHPRYHV�WKH�ORFDWLRQ�LQYDULDQFH�SUREOHP��ZH�VWLOO�IDFH

WKH�SUREOHP�RI�VFDOH�LQYDULDQFH���7KLV�SUREOHP�DULVH�IURP�WKH�IDFW�WKDW�<�F:�� �<�:��IRU�DOO

F�!�����6LQFH�F:� �F�;β�ε�� �;�Fβ����Fε��ZH�FDQ�VHH�WKDW�<�_�;��β��Σ�� �<�_�;��Fβ��F�Σ

DQG�WKXV�WKDW�/�β�Σ�� �/�Fβ�F�Σ��

,Q�WKH�FODVVLFDO�OLWHUDWXUH��LW�LV�FRPPRQ�WR�IL[�DQ�HOHPHQW�RI�Σ��H�J�VHW�σ��� �������F�I�

'DQVLH>����@����$QRWKHU�SRVVLELOLW\�ZRXOG�EH�WR�IL[�DQ�HOHPHQW�RI�WKH�β�YHFWRU�ZKLFK�ZRXOG

UHTXLUH�D�SULRUL�NQRZOHGJH�RI�WKH�VLJQ�RI�WKDW�HOHPHQW�� �,Q�WKH�%D\HVLDQ�DSSURDFK�� LW� LV�QRW

VWUDLJKWIRUZDUG�WR�DGRSW�D�SULRU��ZLWK�σ��� �����VLQFH�WKLV�UHTXLUHV�SXWWLQJ�D�SULRU�RQ�WKH�VHW

RI� FRYDULDQFH�PDWULFHV�ZLWK� IL[HG� ���� HOHPHQW�� �$V�ZH� VKRZ�EHORZ�� WKLV� LV� SRVVLEOH� EXW� LW

UHTXLUHV�QRQ�VWDQGDUG��QRQ�FRQMXJDWH�SULRUV�

��� 7KH�0&0&�$SSURDFK�WR�%D\HVLDQ�,QIHUHQFH�LQ�WKH�013

7R�FRQGXFW�%D\HVLDQ�LQIHUHQFH�LQ�WKH�013��ZH�PXVW�VXPPDUL]H�LQIRUPDWLRQ�JLYHQ

E\�WKH�SRVWHULRU�GLVWULEXWLRQ�RI�WKH�PRGHO�SDUDPHWHUV�

S < ; S S < ;b b b� � � � � � �S S S2 7 1 6�

*HQHUDOO\��ZH�ZDQW�WR�FRPSXWH�WKH�PRPHQWV�RI�WKH�SRVWHULRU�DQG�PDNH�YDULRXV�SUREDELOLW\

VWDWHPHQWV�DERXW� WKH� OLNHO\� UDQJH�RI�SDUDPHWHU�YDOXHV�� � ,I� WKH� OLNHOLKRRG�IXQFWLRQ�FRXOG�EH

HYDOXDWHG�DW� ORZ�FRPSXWDWLRQDO�FRVW��ZH�FRXOG�XVH�VWDQGDUG�QXPHULFDO� LQWHJUDWLRQ�PHWKRGV

DV� LQ� =HOOQHU� DQG� 5RVVL� �������� � (YHQ�ZLWK�PRUH�PRGHUQ�PHWKRGV� RI� DSSUR[LPDWLQJ� WKH
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SUREDELOLWLHV� QHHG� WR� HYDOXDWH� WKH� OLNHOLKRRG� IXQFWLRQ�� GLUHFW� QXPHULFDO� LQWHJUDWLRQ

SURFHGXUHV� ZRXOG� EH� FRPSXWDWLRQDOO\� LQIHDVELOH� IRU� DOO� H[FHSW� WKH� VPDOOHVW� PRGHOV�� � ,Q

DGGLWLRQ��DSSUR[LPDWLRQ�HUURU�LQ�FRPSXWDWLRQ�RI�WKH�PXOWLQRPLDO�SUREDELOLWLHV�ZRXOG�KDYH�WR

EH�KHOG�WR�D�PLQLPXP�WR�DV�QRW�WR�DIIHFW�WKH�SURSHUWLHV�RI�WKH�GLUHFW�QXPHULFDO� LQWHJUDWLRQ

PHWKRGV�VXFK�DV�LPSRUWDQFH�VDPSOLQJ�

����*LEEV�6DPSOHUV�IRU�WKH�013

2XU� DSSURDFK� WR� WKH� SUREOHP� RI� SRVWHULRU� LQIHUHQFH� IRU� WKH� 013� PRGHO� LV� WR

FRQVWUXFW�D�PHWKRG�ZKLFK�SURYLGHV�WKH�HTXLYDOHQW�RI�D�LQGLUHFW�VLPXODWRU�IURP�WKH�SRVWHULRU

GLVWULEXWLRQ�� � �:H�FRQVWUXFW� D�0DUNRY�FKDLQ�ZKRVH� LQYDULDQW�RU� HTXLOLEULXP�GLVWULEXWLRQ� LV

WKH�SRVWHULRU�GLVWULEXWLRQ���7KXV��ZH�FDQ�VLPSO\�UXQ�WKLV�0DUNRY�FKDLQ�IRUZDUG�IURP�VRPH

VWDUWLQJ� SRLQW� WR� JHQHUDWH� VHTXHQFHV� RI� GUDZV�ZKLFK� FDQ� EH� XVHG� WR� HVWLPDWH� DQ\� GHVLUHG

IHDWXUH�RI�WKH�SRVWHULRU�GLVWULEXWLRQ���7KLV�LGHD�RI�FRQVWUXFWLQJ�D�0DUNRY�FKDLQ�DV�D�LQGLUHFW

SRVWHULRU� VLPXODWRU� LV� FDOOHG�0DUNRY�&KDLQ�0RQWH�&DUOR� �0&0&�� DQG� KDV� EHHQ� IUXLWIXOO\

DSSOLHG�WR�PDQ\�LPSRUWDQW�SUREOHPV�LQ�%D\HVLDQ�VWDWLVWLFV�DQG�HFRQRPHWULFV�

,Q� WKH� DQDO\VLV� RI� WKH�013�PRGHO��ZH� XVH� D� SDUWLFXODU�0&0&�PHWKRG� FDOOHG� WKH

*LEEV� VDPSOHU� �LQWURGXFHG� E\� *HPDQ� DQG� *HPDQ>����@� DQG� 7DQQHU� DQG�:RQJ� >����@��

7KH�*LEEV�VDPSOHU�UHOLHV�RQ�WKH�UHPDUNDEOH�UHVXOW�WKDW�LWHUDWLYH��UHFXUVLYH�VDPSOLQJ�IURP�WKH

IXOO� VHW� RI� FRQGLWLRQDO� GLVWULEXWLRQ� UHVXOWV� LQ� D�0DUNRY� FKDLQ�ZLWK� HTXLOLEULXP� GLVWULEXWLRQ

HTXDO�WR�WKH�MRLQW�GLVWULEXWLRQ���,Q�WKH�FDVH�RI�WKH�013�PRGHO��LI�ZH�DXJPHQW��WKH�SDUDPHWHUV

�β�Σ��ZLWK�WKH�YHFWRU�RI�DOO� ODWHQW�XWLOLWLHV��:��WKHQ�ZH�FDQ�EUHDN� WKH� IXOO� VHW�RI�SDUDPHWHUV

LQWR� WKUHH� JURXSV� DQG� GUDZ� WKHVH� JURXSV� VXFFHVVLYHO\� WR� IRUP� WKH� *LEEV� VDPSOHU�� � 7KLV

VWUDWHJ\�UHOLHV�RQ�WKH�IDFW�WKDW��FRQGLWLRQDO�RQ�:��WKH�%D\HVLDQ�DQDO\VLV�RI�WKH�013�UHGXFHV
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WR�VWDQGDUG�OLQHDU�PRGHO�UHVXOWV���7KH�WKUHH�JURXSV�RI�FRQGLWLRQDO�GLVWULEXWLRQV�DUH�GHILQHG�DV

IROORZV�
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�7R�LPSOHPHQW�WKH�*LEEV�VDPSOHU��ZH�VWDUW�ZLWK�YDOXHV�RI�β�DQG�*��:H�WKHQ�GUDZ�Z�IURP�L�

β�IURP�LL�XVLQJ�WKH�QHZ�YDOXH�RI�Z��DQG�ILQDOO\�*�IURP�LLL�XVLQJ�WKH�QHZ�YDOXHV�RI�Z�DQG�β�

7KLV�SURFHVV�LV�UHSHDWHG�WR�SURGXFH�D�VHTXHQFH�RI�GUDZV�RI� Z *� �β0 5 ���1RWH�WKDW�VLQFH�WKLV
VLPSOH�YHUVLRQ�RI�WKH�013�PRGHO�LV�LLG��ZH�FDQ�GUDZ�WKH�Z�YHFWRU�LQ�FRQGLWLRQDO�L��DERYH�

RQH�REVHUYDWLRQ�DW�D�WLPH�DQG�WKHQ�SLHFH�WKH�:L�WRJHWKHU�

7KH�GLVWULEXWLRQ�RI� �: * <
L L
β� � � LV�D�S���GLPHQVLRQDO�QRUPDO�GLVWULEXWLRQ� WUXQFDWHG

WR�D�FRQH���)RU�H[DPSOH��LI�<L� M�WKHQ�: :L M L M� �PD[ �> − �3 8 ZKHUH�:L M�− �LV�WKH�S���GLPHQVLRQDO

YHFWRU�RI� DOO�RI� WKH�FRPSRQHQWV�RI�:�H[FOXGLQJ� :L M� �� �:H� DYRLG� WKLV� SUREOHP�RI�GUDZLQJ

IURP� D� WUXQFDWHG�PXOWLYDULDWH� QRUPDO� GLVWULEXWLRQ� E\� XVLQJ� D� VXE�FKDLQ�*LEEV� VDPSOHU� WR

GUDZ� IURP� WKH� WUXQFDWHG� XQLYDULDWH� FRQGLWLRQDO� GLVWULEXWLRQV�� : : < ;L M L M L L� � � � � �− β Σ �� � 7KH

WUXQFDWLRQ� SRLQW� RI� WKLV� XQLYDULDWH� QRUPDO� GLVWULEXWLRQ� FDQ� UHDGLO\� EH� FDOFXODWHG� IURP� WKH

GHILQLWLRQ�RI�LPSOLHG�UHJLRQV�LQ�ℜ −S � ���7KH�PRPHQWV�RI�WKHVH�XQLYDULDWH�QRUPDO�GLVWULEXWLRQV

FDQ� UHDGLO\� EH� FDOFXODWHG� IURP� WKH� PXOWLYDULDWH� QRUPDO� GLVWULEXWLRQ� RI

: * ; 1 ; *
L L L
β β� � a �1 6�� � 7R� PDNH� GUDZV� IURP� WKH� WUXQFDWHG� XQLYDULDWH� QRUPDO

GLVWULEXWLRQ��ZH�XVH�D�UHMHFWLRQ�VWUDWHJ\��VHH�0F&XOORFK�DQG�5RVVL�>����@��S�������
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� 7KH�VHFRQG�FRQGLWLRQDO�GLVWULEXWLRQ��β* Z� �� LV�D�VLPSOH�PDWWHU�WR�GUDZ�IURP�LI�WKH

SULRU�RQ�β�LV�PXOWLYDULDWH�QRUPDO���β βa �1 $ −�3 8 �

/HW�*� �&�&·

β β β β

ι ι
β β βZ ; * 1 ; ; $ ; Z $

Z & Z ; & ;
1 1
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7KH�PHWKRG� E\� ZKLFK� ZH� GUDZ� IURP� WKH� FRQGLWLRQDO� SRVWHULRU� GLVWULEXWLRQ� RI� *

GHSHQGV�FULWLFDOO\�RQ�WKH�SULRU�DGRSWHG���,Q�WKLV�FKDSWHU��ZH�GHYHORS�WKUHH�GLIIHUHQW�VRUWV�RI

SULRUV�IRU�*��HDFK�ZLWK�D�GLIIHUHQW�GUDZ�VWUDWHJ\�ZKLFK�ZH�LQWURGXFH�LQ�VHFWLRQV�������DQG��

EHORZ�

7R�VXPPDUL]H��ZH�XVH�YDULRXV�*LEEV�VDPSOHUV� WR�FRQVWUXFW� D�0DUNRY�FKDLQ�ZKLFK

HQDEOHV� XV� WR� HVWLPDWH� YLD� VLPXODWLRQ� DQ\� UHTXLUHG� SRVWHULRU� TXDQWLW\�� � *LYHQ� VXIILFLHQW

FRPSXWHU� UHVRXUFHV��ZH� FDQ� DFKLHYH� D� YHU\� KLJK� GHJUHH� RI� DFFXUDF\� LQ� WKHVH� HVWLPDWHV� RI

SRVWHULRU�TXDQWLWLHV���7KXV��ZKLOH�RXU�LQIHUHQFHV�GR�QRW�UHO\�RQ�DV\PSWRWLFV�LQ�WKH�VHQVH�RI

DUELWUDULO\�ODUJH�VDPSOH�VL]HV��ZH�GR�UHTXLUH�ODUJH�VLPXODWLRQ�VL]HV�WR�DFKLHYH�D�KLJK�GHJUHH�RI

DFFXUDF\� LQ� WKH� HVWLPDWHV� RI� SRVWHULRU� TXDQWLWLHV�� �:H� WDNH� WKH� EDVLF� YLHZ� WKDW� DV\PSWRWLF

DSSUR[LPDWLRQV� DUH� PRUH� UHOHYDQW� DQG� XVHIXO� ZKHQ� WKH� LQYHVWLJDWRU� KDV� FRQWURO� RYHU� WKH

VDPSOH�VL]H�

���� 3UDFWLFDO�&RQVLGHUDWLRQV�IRU�WKH�013�*LEEV�6DPSOHU

7KH�WKHRU\�RI�0&0&�DQG�� LQ�SDUWLFXODU�� WKH�*LEEV�VDPSOHU�VKRZV� WKDW�XQGHU�YHU\

PLOG� FRQGLWLRQV�� WKH� *LEEV� VDPSOHU� 0DUNRY� &KDLQ� ZLOO� FRQYHUJH� LQ� GLVWULEXWLRQ� WR� WKH

SRVWHULRU� GLVWULEXWLRQ� DW� D� JHRPHWULF� UDWH� �VHH� 0F&XOORFK� DQG� 5RVVL� >����@� DQG� 7LHUQH\

>����@����:KLOH�WKHVH�WKHRUHWLFDO�UHVXOWV�DVVXUH�WKH�HYHQWXDO�FRQYHUJHQFH�RI�WKH�013�*LEEV
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VDPSOHUV�� WKLV� WKHRU\� RIIHUV� OLWWOH� SUDFWLFDO� JXLGDQFH�� � 7KHUH� DUH� WZR� LPSRUWDQW� SUDFWLFDO

FRQVLGHUDWLRQV�����KRZ�ORQJ�PXVW�WKH�*LEEV�VDPSOHU�EH�UXQ�LQ�RUGHU�WR�EH�FRQILGHQW�WKDW�WKH

HIIHFW�RI� LQLWLDO� FRQGLWLRQV�KDYH�GLVVLSDWHG"� ����ZKDW� LV� WKH� LQIRUPDWLRQ� FRQWHQW�RI� D� JLYHQ

VHTXHQFH�RI�*LEEV�GUDZV�IURP�WKH�VWDWLRQDU\�GLVWULEXWLRQ"

7KHVH� SUDFWLFDO� FRQYHUJHQFH� FRQVLGHUDWLRQV� FDQ� RQO\� EH� DQVZHUHG� HPSLULFDOO\�� � 7R

DVVHVV� WKH� UDWH�DW�ZKLFK� WKH� LQLWLDO�FRQGLWLRQV�DUH�GLVVLSDWHG��ZH�FRQGXFW�DQ�DQDO\VLV�RI� WKH

VHQVLWLYLW\� RI� WKH� HVWLPDWHG� SRVWHULRU� GLVWULEXWLRQV� WR� YDULRXV�� ZLGHO\� GLVSHUVHG� LQLWLDO

FRQGLWLRQV��VHH�*HOPDQ�DQG�5XELQ�>����@����)RU�HDFK�LQLWLDO�FRQGLWLRQ��ZH�´EXUQ�LQµ�RU�UXQ

RXW�WKH�*LEEV�VDPSOHU�IRU�D�ODUJH�QXPEHU�RI�GUDZV��W\SLFDOO\�DW�OHDVW������GUDZV��DQG�WKHQ

XVH�WKH�UHPDLQLQJ�GUDZV�LQ�WKH�VHTXHQFH�WR�HVWLPDWH�WKH�SRVWHULRU�GLVWULEXWLRQ���,I�ZH�KDYH

FKRVHQ� DQ� DGHTXDWH� EXUQ�LQ� VHULHV� OHQJWK�� 7�� WKHQ� WKH� HVWLPDWHG� SRVWHULRUV� VKRXOG� DOO� EH

DERXW� WKH� VDPH� IRU� DOO� VWDUWLQJ� SRLQWV�� � 0F&XOORFK� DQG� 5RVVL� >����@� UHSRUW� D� VHULHV� RI

H[SHULPHQWV�LQ�ZKLFK�WKH�DOJRULWKP�VSHFLILHG�LQ�VHFWLRQ���EHORZ�LV�WHVWHG�ZLWK�D�ZLGH�YDULHW\

RI� LQLWLDO� FRQGLWLRQV�� �7KH� VDPSOHU� DSSHDUV� WR� FRQYHUJH� UDSLGO\� IURP� DQ\� LQLWLDO� FRQGLWLRQ�

2XU�H[SHULHQFH�ZLWK�PRUH�FRPSOLFDWHG�VDPSOHUV�DIILUPV�WKLV�JHQHUDO�ILQGLQJ�RI�LQVHQVLWLYLW\

WR� LQLWLDO� FRQGLWLRQV� �1RELOH>����@� GRFXPHQWV� D� SRVVLEOH� H[FHSWLRQ�ZKLFK� FDQ� RFFXU� XVLQJ

LQIRUPDWLYH�SULRUV��VHH�VHFWLRQ���IRU�GHWDLOV��

,I�ZH�IHHO�FRPIRUWDEOH�WKDW�WKH�´EXUQ�LQµ�SHULRGV�RI�7�GUDZV�LV�VXIILFLHQW��ZH�WKHQ

XVH�WKH�UHPDLQLQJ�7�7�GUDZV�WR�HVWLPDWH�SRVWHULRU�TXDQWLWLHV���,W�LV�LPSRUWDQW�WR�UHPHPEHU

WKDW�WKH�*LEEV�VDPSOHU�LV�D�QRQ�LLG�VLPXODWLRQ�PHWKRG�DQG��WKHUHIRUH��WKH�GUDZV�FDQ�H[KLELW

GHSHQGHQFH���,Q�WKH�ILUVW�DSSOLFDWLRQV�RI�WKH�*LEEV�VDPSOHU�WR�OLQHDU�PRGHOV��WKLV�GHSHQGHQFH

LQ� WKH� GUDZ� VHTXHQFH� ZDV� QHYHU� D� VHYHUH� SUREOHP� DQG� TXLWH� VKRUW� UXQV� FRXOG� EH� PDGH�

+RZHYHU�� RXU� H[SHULHQFH�ZLWK� WKH�013�PRGHO� LV� WKDW� WKH� GUDZ� VHTXHQFHV� FDQ� EH� KLJKO\

DXWRFRUUHODWHG�� QHFHVVLWDWLQJ� ORQJ� UXQV� RI� WKH� VDPSOHU� WR� DFKLHYH� JRRG� DFFXUDF\� LQ� WKH
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HVWLPDWHV�RI�SRVWHULRU� TXDQWLWLHV�� �*LYHQ� HYHQ� UHODWLYHO\�PRGHVW� FRPSXWLQJ� UHVRXUFHV�� LW� LV

SRVVLEOH� WR� PDNH� YHU\� ORQJ� UXQV� RI� WKH� 013� *LEEV� VDPSOHUV� HYHQ� IRU� UHODWLYHO\� ODUJH

VDPSOHV�DQG�KLJK�GLPHQVLRQDO��H�J��S!��DQG�1�!�������SUREOHPV����2XU�XVXDO�DSSURDFK�LV�WR

PDNH�D�´EXUQ�LQµ�UXQ�DQG�WKHQ�VWDUW�VKRUW�UXQV�RQ�D�QXPEHU�RI�ZRUNVWDWLRQV��VWDUWLQJ�IURP

WKH�´EXUQHG�LQµ�YDOXHV�RI�WKH�SDUDPHWHUV��LQFOXGLQJ�WKH�ODWHQW�YDULDEOHV��� �7KHVH�VKRUW�UXQV

DUH�SLHFHG�WRJHWKHU�WR�IRUP�WKH�GUDZ�VHTXHQFH�ZKLFK�LV�XVHG�IRU�LQIHUHQFH���,Q�WKLV�PDQQHU�

ZH�FDQ�VROYH�PRVW�SUREOHPV�LQ�QR�PRUH�WKDQ�RQH�GD\�RI�FRPSXWLQJ�

��� $Q�$OJRULWKP�ZLWK�1RQ�LGHQWLILHG�3DUDPHWHUV

$V� GLVFXVVHG� LQ� VHFWLRQ� ����� � WKH�PRGHO� SDUDPHWHUV� b�S1 6 � DUH� QRW� LGHQWLILHG�� � 7KH
LGHQWLILHG�SDUDPHWHUV�DUH�IXQFWLRQV�RI�WKHVH�XQLGHQWLILHG�SDUDPHWHUV�

a
� � a �b b s s= =

�� ��
S S

,I�ZH�GHVLUH�LQIRUPDWLYH�SULRUV�� LW�ZRXOG�VHHP�PRVW�FRQYHQLHQW� WR�SXW�WKHVH�SULRUV�GLUHFWO\

RQ� WKH� LGHQWLILHG� SDUDPHWHUV��
a
�ab S4 9 �� � 7KLV� UHTXLUHV� D� SULRU� RQ� WKH� VSDFH� RI� FRYDULDQFH

PDWULFHV�FRQGLWLRQDO�RQ�σ��� ����� �2QH�DSSURDFK�WR�WKLV�SUREOHP�WDNHQ� LQ�0F&XOORFK�DQG

5RVVL��������LV�WR�VSHFLI\�D�SULRU�RQ�WKH�IXOO�VHW�RI�SDUDPHWHUV� b�S1 6 ���7KLV�LQGXFHV�D�SULRU�RQ
WKH� LGHQWLILHG� SDUDPHWHUV�� � � )RU� D� JLYHQ� FKRLFH� RI� WKH� SULRU� K\SHUSDUDPHWHUV�� ZH� WKHQ

H[DPLQH�WKH�LPSOLHG�SULRU�RQ�WKH�LGHQWLILHG�SDUDPHWHUV�� �:LWK�VRPH�WULDO�DQG�HUURU��ZH�FDQ

KRSH� WR� ILQG� SULRU� SDUDPHWHU� VHWWLQJV� WKDW� ZLOO� DSSURSULDWHO\� UHIOHFW� RXU� YLHZV� RQ� WKH

LGHQWLILHG� SDUDPHWHUV�� � ,Q� SUDFWLFH�� WKLV� DSSURDFK� LV� PRVW� XVHIXO� IRU� VSHFLI\LQJ� UHODWLYHO\

GLIIXVH�RU�XQLIRUPDWLYH�SULRUV�

7R�GHILQH�WKH�*LEEV�VDPSOHU� LQ� WKLV�FDVH��ZH�XVH� WKH�DSSURDFK�RXWOLQHG� LQ�����DQG

VSHFLI\�D�FRQGLWLRQDOO\�FRQMXJDWH�:LVKDUW�SULRU�RQ�*�



��10-

S * 9 * HWU *9
S

n
n

�2 7� -%&'
()*

- -�

�
�
�

7KH�SRVWHULRU�RI�*�LV�DOVR�LQ�WKH�:LVKDUW�IRUP�

* Z ; : 1 9
L L

L

1

β ν ε ε� � a �+ + ′
�
��

�
��=

∑
�

,I�ZH�FRPELQH�WKLV�:LVKDUW�GUDZ�ZLWK�WKH�GUDZV�IURP�WKH�FRQGLWLRQDO�SRVWHULRU�RI�β�DQG�WKH

GUDZV� RI�Z� VSHFLILHG� LQ� VHFWLRQ� ����� ZH� GHILQH� D�*LEEV� VDPSOHU� WKDW� QDYLJDWHV� LQ� WKH� IXOO

SDUDPHWHU�VSDFH�RI�XQLGHQWLILHG�SDUDPHWHUV���)RUWUDQ�FRGH�IRU�WKLV�DOJRULWKP�FDQ�EH�REWDLQHG

DW�IWS���JVESHU�XFKLFDJR�HGX�LQ�WKH�GLUHFWRU\�SXE�URVVL�PQS�

2XU� DSSURDFK� LQ�PRVW� DSSOLFDWLRQV� RI� WKLV� VDPSOHU� LV� WR� VSHFLI\� SURSHU� EXW� IDLUO\

GLIIXVH�SULRUV�RQ�*�DQG�β���:H�LQYHVWLJDWH�WKH�LQGXFHG�SULRU�RYHU�WKH�LGHQWLILHG�SDUDPHWHUV

WR� LQVXUH� WKDW� LW� UHIOHFWV� D� SURSHU� OHYHO� RI� GLIIXVLRQ�� �:H� WKHQ� UXQ� WKH�*LEEV� VDPSOHU� WR

LQGLUHFWO\�VLPXODWH�IURP�WKH�MRLQW�SRVWHULRU�RI� b� �S Z1 6 �� � �:H�UHSRUW� WKH�PDUJLQDO �SRVWHULRU
GLVWULEXWLRQ�RI� WKH� LGHQWLILHG�SDUDPHWHUV�� � ,W� VKRXOG�EH�HPSKDVL]HG� WKDW� LW�GRHV�QRW�PDWWHU

ZKHWKHU� ZH� ILUVW� PDUJLQDOL]H� WKH� SULRU� DQG� FRQGXFW� WKH� DQDO\VLV� RQO\� RQ� WKH� LGHQWLILHG

SDUDPHWHUV�RU�PDUJLQDOL]H�WKH�SRVWHULRU�VLQFH�WKH�OLNHOLKRRG�GHSHQGV�RQO\�RQ�WKH� LGHQWLILHG

SDUDPHWHUV�

� 7KLV� *LEEV� VDPSOHU� QDYLJDWHV� IUHHO\� LQ� WKH� QRQ�LGHQWLILHG� SDUDPHWHU� VSDFH�

FRQVWUDLQHG�RQO\� WKH�QRQ�LGHQWLIHG�GLUHFWLRQV�RQO\�E\� WKH�SURSHU�SULRU�� �1RELOH� �������KDV

FRQVWUXFWHG�VRPH�H[DPSOHV�LQ�ZKLFK�WKLV�DOJRULWKP�FDQ�WDNH�D�YHU\�ORQJ�WLPH�WR�GLVVLSDWH�WKH

LQLWLDO�FRQGLWLRQV���7KHVH�H[DPSOHV�LQYROYH�LQIRUPDWLYH�SULRUV�RQ�WKH�VSDFH�RI�QRQ�LGHQWLILHG

SULRUV���7KHVH�SULRUV�´IODWWHQµ�GRZQ�WKH�OLNHOLKRRG�ULGJH�LQ�FHUWDLQ�UHJLRQV�RI�WKH�SDUDPHWHU

VSDFH�DQG�PDNH�LW�GLIILFXOW�IRU�WKH�DOJRULWKP�WR�ILQG�WKH�UHJLRQ�RI�KLJK�SRVWHULRU�YDOXH���7KH

SULRUV� 1RELOH� FRQVLGHUV� DUH� LQIRUPDWLYH� DERXW� QRQ�LGHQWLILHG� SDUDPHWHUV�� � ,W� LV� KDUG� WR
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LPDJLQH�KRZ�VXFK�SULRU�LQIRUPDWLRQ�FRXOG�DULVH�LQ�QRUPDO�FLUFXPVWDQFHV���1RELOH�SURSRVHV�D

K\EULG�0&0&�PHWKRG�ZKLFK�DFFHOHUDWHV�FRQYHUJHQFH�

���$Q�$OJRULWKP�ZLWK�)XOO\�,GHQWLILHG�3DUDPHWHUV

$Q�DOWHUQDWLYH�WR�WKH�QRQ�LGHQWLILHG�DOJRULWKP�ZRXOG�EH�WR�VSHFLI\�D�SULRU�GLUHFWO\�RQ

WKH�LGHQWLILHG�SDUDPHWHUV��
a
�ab S4 9 ��LQ�VXFK�DV�ZD\�DV�ZH�FDQ�HDVLO\�GUDZ�IURP�WKH�DSSURSULDWH

FRQGLWLRQDO� SRVWHULRUV�� �0F&XOORFK�� 3ROVRQ� DQG� 5RVVL� ������� LQWURGXFH� D� FRPSXWDWLRQDOO\

DWWUDFWLYH�SULRU�IRU�aS �

:H�GHILQH�WKLV�SULRU�E\�ILUVW�UHSDUDPHWHUL]LQJ�Σ���$FFRUGLQJ�WR�WKH�EDVLF�PRGHO�

e
L
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7KH�*LEEV�VDPSOHU�IRU�WKH�LGHQWLILHG�SDUDPHWHU�FDVH�LV�GHILQHG�DV�WKH�IROORZLQJ�VHTXHQFH�RI

FRQGLWLRQDO�GUDZV�
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� �Σ β Z ;�ZKLFK�LV�DFKLHYHG�YLD
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7KLV�0DUNRY�FKDLQ�QDYLJDWHV�LQ�D�ORZHU��E\�RQH��GLPHQVLRQDO�VSDFH�WKDW� WKH�013�VDPSOHU

IRU�QRQ�LGHQWLILHG�SDUDPHWHUV�� � ,Q� DGGLWLRQ�� WKH�RQH�VKRW�GUDZ�RI� WKH� FRYDULDQFH�PDWUL[� LV

EURNHQ� GRZQ� LQWR� WZR� FRQGLWLRQDO� GUDZV� ZKLFK� PD\� LQWURGXFH� DQ� DGGLWLRQDO� VRXUFH� RI

DXWRFRUUHODWLRQ� LQWR� WKH�0DUNRY�FKDLQ�� ,W� VKRXOG�EH�QRWHG��KRZHYHU�� WKDW�ZLWK� WKH�QDWXUDO

FRQMXJDWH�SULRU�RI� WKH�PXOWLYDULDWH�UHJUHVVLRQ�IUDPHZRUN��VHH�=HOOQHU� >����@��FKDSWHU�9,,,�
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ZH�FDQ�GUDZ�aS �LQ�RQH�VKRW�E\�GUDZLQJ�IURP�WKH�PDUJLQDO�SRVWHULRU�RI�F-�a� �b Z ;�LQVWHDG�RI

WKH�SRVWHULRU�FRQGLWLRQDO�RQ�γ�

6RPH�FDUH�KDV�WR�EH�XVHG�LQ�DVVHVVLQJ�WKH�SULRU�K\SHUSDUDPHWHUV�LQ�WKLV�VHW�XS���7KH

UHODWLYH�GLIIXVLRQ�RI�WKH�SULRU�RQ�γ�DQG�Φ�LV�LPSRUWDQW���7R�VHH�WKLV��FRQVLGHU�WKH�FDVH�RI�S ��

aS =
+

�
! 

"
$#

�
�

g
g f g

DQG

FRUU e e g
f g

� �
�

�1 6 =
+

,I�WKH�SULRU�RQ�γ� LV�UHODWLYHO\�PRUH�GLIIXVH�WKDW� WKH�SULRU�RQ�φ�� WKHQ�WKH� MRLQW�SULRU�ZLOO�SXW

PRVW�PDVV�QHDU�KLJK�FRUUHODWLRQV�

7KH�DGYDQWDJHV�RI�WKH�SULRU�RQ�LGHQWLILHG�SDUDPHWHUV�LV�WZRIROG�����LPSURSHU�GLIIXVH

SULRUV�DUH�SRVVLEOH�DQG�����LQIRUPDWLYH�SULRUV�IRU�
ab �PRUH�HDVLO\�DVVHVVHG�WKDQ�IRU�WKH�PHWKRG

ZKLFK� XVHV� WKH� IXOO� QRQ�LGHQWLILHG� SDUDPHWHUL]DWLRQ�� ,Q� PDQ\� DSSOLFDWLRQV�� ZH� KDYH� SULRU

LQIRUPDWLRQ�RQ�WKH�OLNHO\�YDOXHV�RI�
ab ���,Q�WKH�SULRU�VHW�XS�IRU�WKH�QRQ�LGHQWLILHG�SDUDPHWHUV�

ZH� GR� QRW� GLUHFWO\� DVVHVV� D� SULRU� RQ� WKH� LGHQWLILHG� VORSH� FRHIILFLHQWV� EXW� PXVW� LQGXFH� D

FRPSOLFDWHG�SULRU� LQVWHDG� �VHH�0F&XOORFK��3ROVRQ�� DQG�5RVVL� >����@� IRU� DQ� DQDO\VLV� RI� WKH

LPSOLHG�PDUJLQDO�GLVWULEXWLRQ�RI�
ab �IRU�WKLV�SULRU��

2QH�PLJKW�DVN� WKH� OHJLWLPDWH�TXHVWLRQ�RI�ZKHWKHU�RU�QRW� LW� LV�SRVVLEOH� WR�DVVVHVV� D

SULRU�RQ�WKH�LGHQWLILHG�SDUDPHWHUV�YLD�WKH�PHWKRG�RI�VHFWLRQ���ZKLFK�LV�VLPLODU�WR�WKH�SULRU

LQWURGXFHG� LQ� WKLV� VHFWLRQ�� � ,Q� 0F&XOORFK�� 3ROVRQ�� DQG� 5RVVL� ������� WKH� PDUJLQDO

GLVWULEXWLRQV�RI�γ�DQG�Φ�DUH�GHULYHG�XQGHU�WKH�QRQ�LGHQWLILHG�SULRU���:KLOH�WKH�SULRUV�RQ�WKH
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LGHQWLILHG�SDUDPHWHUV�DUH�QRW�LGHQWLFDO�IRU�WKH�WZR�PHWKRGV�LQ�VHFWLRQ���DQG����LW�LV�SRVVLEOH

WR�DVVHVV�YHU\�VLPLODU�SULRUV�E\�FDUHIXO�HTXDWLQJ�RI�PRPHQWV�

��� 2WKHU�,QIRUPDWLYH�3ULRUV�IRU�WKH�&RYDULDQFH�0DWUL[

([SHULHQFH�ZLWK�DFWXDO�DQG�VLPXODWHG�GDWD�KDV�VKRZQ�WKDW�LW�LV�YHU\�GLIILFXOW�WR�PDNH

SUHFLVH�LQIHUHQFHV�DERXW�WKH�FRYDULDQFH�SDUDPHWHUV�LQ�WKH�013��� �.HDQH��������QRWHV�WKDW

WKHUH� DUH� VLWXDWLRQV� LQ� ZKLFK� WKHVH� FRYDULDQFH� SDUDPHWHUV� DUH� QHDUO\� XQLGHQWLILHG�� � � 2XU

H[SHULHQFH�LV�WKDW�WKH�UHODWLYH�YDULDQFHV��σ σMM � ����DUH�ZHOO�LGHQWLILHG�E\�WKH�GDWD��EXW�WKDW�WKH

FRUUHODWLRQV�PD\� UHTXLUH� D� JUHDW� GHDO� RI� LQIRUPDWLRQ� WR�PDNH� UHODWLYHO\� SUHFLVH� LQIHUHQFHV

DERXW�� �7KXV�� LQ�PDQ\�VLWXDWLRQV�� LW�PD\�EH�GHVLUDEOH� WR� LQMHFW�SULRU� LQIRUPDWLRQ�DERXW� WKH

FRUUHODWLRQ� SDWWHUQV� LQ� WKH� GDWD� YLD� H[DFW� UHVWULFWLRQV� RQ� FRYDULDQFH� VWUXFWXUH� RU� YLD

LQIRUPDWLYH�SULRUV�

���� 9DULDQFH�&RPSRQHQWV�$SSURDFKHV

7R�GLVFXVV� WKH�YDULDQFH�FRPSRQHQW�DSSURDFK�� LW� LV�XVHIXO� WR� UHWXUQ� WR� WKH�QRWDWLRQ

IRU�WKH�XQGLIIHUHQFHG�V\VWHP�RI�ODWHQW�YDULDEOHV�

8 = Y Y 1= +δ a �� Ω0 5
,I� ZH� VWDUW� ZLWK� DQ� LQGHSHQGHQFH� SURELW� �Ω '�� D� GLDJRQDO� PDWUL[��� WKHQ� WKH� GLIIHUHQFHG

V\VWHP�HUURUV�ZLOO�VKRZ�DQ�HTXL�FRUUHODWHG�VWUXFWXUH�

9DU Y Y

G G G G

G G

G

G GS

ε = − =
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,I�'� �G,��ZH�ZRXOG�KDYH�DQ�HTXL�FRUUHODWHG�VWUXFWXUH�ZLWK�D�FRUUHODWLRQ�RI����
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3DWWHUQV� RI� FRUUHODWLRQ� FDQ� EH� PRVW� HDVLO\� LQWURGXFHG� E\� XVLQJ� D� YDULDQFH

FRPSRQHQWV� VWUXFWXUH�� � )RU� WKH� SXUSRVH� RI� LQWHUSUHWDWLRQ�� ZH� ILQG� LW� PRUH� LQWXLWLYH� WR

LQWURGXFH�WKH�YDULDQFH�FRPSRQHQWV�LQ�WKH�XQGLIIHUHQFHG�V\VWHP���:H�FDQ�WKLQN�RI�JURXSLQJ

WKH� S� FKRLFH� DOWHUQDWLYHV� LQWR�*� JURXSV�� HDFK� RI�ZKLFK� KDV� VRPH� FRPPRQ�� XQREVHUYDEOH

FRPSRQHQW�RI� XWLOLW\�� �)RU� H[DPSOH�� LI� WKH� DOWHUQDWLYHV� DUH�GLIIHUHQW�EUDQGV�RI� D� FRQVXPHU

SURGXFW��WKHQ�WKH�KLJK�SULFHG�SURGXFWV�PLJKW�DOO�HQMR\�D�KLJKHU�SHUFHLYHG�TXDOLW\�LQ�WKH�H\HV

RI�FHUWDLQ�FRQVXPHUV�� �7KLV�ZRXOG� LQWURGXFH�D�YDULDQFH�FRPSRQHQW�IRU�TXDOLW\�SHUFHSWLRQV

IRU�WKH�KLJKHU�SULFHG�EUDQGV�

:H�EUHDN�WKH�S�DOWHUQDWLYHV�LQWR�*�JURXSV�� �/HW�J�M��EH�DQ� LQGLFDWRU� LQGH[�IXQFWLRQ

IRU�JURXS�J���J M LI M� � = ∈� �LQGLFHV�IRU�JURXS�J��J ���«��S�

Y Z J M UM M J

J

*

= +
=

∑ � �
�

Z LLG 1M Za �� �σ2 7�� U 1J Ja �� �σ3 8� ^UJ�`�DUH�LQGHSHQGHQW�

7KLV�SDUDPHWHUL]HV�WKH�Ω�PDWUL[�ZLWK�*���YDULDQFH�FRPSRQHQW�SDUDPHWHUV����:H�QRWH�WKDW

EHFDXVH�RI�WKH�UHVWULFWHG�VWUXFWXUH�RI�WKLV�SDUDPHWHUL]DWLRQ�RI�Ω��GLIIHUHQFLQJ�LV�QRW�UHTXLUHG

IRU�LGHQWLILFDWLRQ�SXUSRVHV�� �:H�VWLOO�PXVW�LPSRVH�VRPH�UHVWULFWLRQ�RQ�WKH�FRYDULDQFH�SDUD�

PHWHUV�IRU�LGHQWLILFDWLRQ���,I�ZH�UHVWULFW�σ
:

�  ���WKLV�ZLOO�DFKLHYH�LGHQWLILFDWLRQ�

:H� FDQ� HDVLO\� GHILQH� D� *LEEV� VWUDWHJ\� IRU� WKLV� YDULDQFH� FRPSRQHQW� VWUXFWXUH� E\

LQWURGXFLQJ�WKH�^UJ�`�DV�DGGLWLRQDO�ODWHQW�YDULDEOHV���,I�ZH�JURXS�WRJHWKHU�WKH�FRPSRQHQWV�RI

HDFK� YL� YHFWRU� FRUUHVSRQGLQJ� WR� JURXS� J�� WKHQ� WKH� FRQGLWLRQDO� SRVWHULRU� RI� UJ� LV� D� QRUPDO

PHDQ�SUREOHP���2XU�013�*LEEV�VDPSOHU�IRU�WKH�YDULDQFH�FRPSRQHQW�SUREOHP�UHSODFHV�WKH

GUDZ�RI�Σ ΣRU a�ZLWK�WKH�IROORZLQJ�VHWV�RI�FRQGLWLRQDO�GUDZV�

U YJ L L J� �σ
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σ J J LU �= B
���� 0RUH�*HQHUDO�3ULRUV�RQ�WKH�&RUUHODWLRQ�0DWUL[

7KH� YDULDQFH� FRPSRQHQW� DSSURDFK� WR� VSHFLI\LQJ� DQ� LQIRUPDWLRQ� SULRU� RQ� WKH

FRYDULDQFH�VWUXFWXUH�LV�DSSHDOLQJ�EHFDXVH�RI�LW·V�SDUVLPRQ\�DQG�XVHIXOQHVV�LQ�FDVHV�LQ�ZKLFK

WKH� DOWHUQDWLYHV� FDQ� EH� JURXSHG� LQWR� VLPLODU� JURXSV�� � +RZHYHU�� WKH� FRYDULDQFH� VWUXFWXUH

JHQHUDWHG�IURP�WKH�YDULDQFH�FRPSRQHQW�PRGHO� LV�UHVWULFWLYH� LQ�WKDW� LW�RQO\�DIIRUGV�SRVLWLYH

FRYDULDQFHV�� � ,Q�DGGLWLRQ�� D�SULRU� LQIRUPDWLRQ�RQ�JURXSLQJ�PD\�QRW�EH� DYDLODEOH�� �$�PRUH

JHQHUDO�DSSURDFK�ZRXOG�EH�WR�SXW�DQ�LQIRUPDWLYH�SULRU�RQ�WKH�PDWUL[�RI�FRUUHODWLRQV�ZKLFK

´VKULQNVµ� WKH�FRUUHODWLRQ�VWUXFWXUH� WRZDUG�VRPH�EDVH�FDVH�VXFK�DV� WKH�HTXL�FRUUHODWHG�FDVH

SURGXFHG�E\�D�VFDODU�LQGHSHQGHQFH�SURELW�

%DUQDUG�� 0F&XOORFK� DQG� 0HQJ� >����@� LQWURGXFH� D� JHQHUDO� FODVV� RI� SULRUV� IRU

FRYDULDQFH�PDWULFHV� WKDW� FDQ�EH�DSSOLHG� IUXLWIXOO\�KHUH�� �7R� LQWURGXFH� WKLV�SULRU�� LW� LV�PRVW

FRQYHQLHQW� WR� UHWXUQ� WR� WKH� GLIIHUHQFHG� V\VWHP�� � 7KH� %DUQDUG� HW� DO� DSSURDFK� LV� WR

UHSDUDPHWHUL]H�WKH�FRYDULDQFH�PDWUL[�LQ�WHUPV�RI�WKH�VWDQGDUG�GHYLDWLRQV�DQG�WKH�FRUUHODWLRQ

PDWUL[�DQG�WKHQ�SXW�LQGHSHQGHQW�SULRUV�RQ�HDFK�

Σ Λ Λ= 5 ZKHUH�Λ�LV�D�GLDJRQDO�PDWUL[�ZLWK�λLL� σLL

7KH�SULRU�FRQVLGHUHG�LQ�%DUQDUG�HW�DO�LV

S 5 S S 5 S 5 LLG 1
L L L

Λ Λ� � � ORJ a �0 5 0 5 0 5 0 5 1 6 1 6= ∝ � λ µ τ

7KH�HPSKDVLV�LQ�%DUQDUG�HW�DO�LV�RQ�WKH�SULRU�IRU�WKH�YDULDQFHV�ZLWK�WKH�SULPDU\�PRWLYDWLRQ

VWHPPLQJ�IURP�D�ORFDWLRQ�VKULQNDJH�DSSOLFDWLRQ���+HUH�ZH�PLJKW�SUHIHU�WR�EH�YHU\�GLIIXVH�RQ

WKH�YDULDQFHV�DQG�PRUH�LQIRUPDWLYH�RQ�5�

,Q�WKLV�JHQHUDO�IUDPHZRUN��ZH�SXW�D�SULRU�RQ�Σ�E\�VLPSO\�VSHFLI\LQJ�S�Λ��DQG�S�5��

:H� VHW� λ��  � �� IRU� LGHQWLILFDWLRQ� SXUSRVHV�� DQG� OHW� WKH� ORJ�QRUPDO� SULRUV� RQ� UHPDLQLQJ
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HOHPHQWV� RI�Λ� EH� YHU\� GLIIXVH� �RU� HYHQ� LPSURSHU��� �:H� WKHQ�PXVW� FKRRVH� DQ� DSSURSULDWH

SULRU�RQ�5����7KH�UHJLRQ�RI�VXSSRUW�RI�WKH�SULRU�RQ�5�LV�D�VXEVHW�RI�WKH�K\SHUFXEH�ZLWK�VLGH

����������7KLV�UHJLRQ�EHFRPHV�PRUH�UHVWULFWHG�DV�\RX�PRYH�DZD\�IURP�WKH�RULJLQ�GXH�WR�WKH

FRQVWUDLQWV� LPSOLHG� E\� SRVLWLYLW\� RI� WKH� 5� PDWUL[�� � � 7KLV� LPSOLHV� WKH� ´QRQ�LQIRUPDWLYHµ

XQLIRUP�SULRU�RQ�5�LV�DFWXDOO\�LQIRUPDWLYH�GXH�WR�WKH�QDWXUH�RI�WKH�UHVWULFWHG�VXSSRUW�� �)RU

S!���WKH�PDUJLQDO�SULRU�GLVWULEXWLRQV�RI�HDFK�ULM�HOHPHQW�LV�QRQ�XQLIRUP�DQG�EHFRPHV�PRUH

FRQFHQWUDWHG�QHDU�]HUR�DV�WKH�GLPHQVLRQ��S�� LQFUHDVHV�� �,I�ZH�ZDQWHG�WR�´FHQWHUµ�WKH�SULRU

RYHU� WKH� LQGHSHQGHQW� VFDODU� 3URELW�PRGHO� �WKLV� LV� WKH� SURELW� DQDORJXH� RI� WKH�PXOWLQRPLDO

ORJLW�PRGHO���ZH�ZRXOG�KDYH�WR�XVH�D�SULRU�ZKLFK�SXWV�PDVV�DURXQG������2QH�VXFK�SULRU�ZLWK

UHDVRQDEO\�VORZ�GDPSLQJ�WDLOV�PLJKW�EH

S 5 U
LM

M L

S

L

S

0 5 ∝ − −
%&'K

()*K= +

−

=

−

∑∑H[S �η �
�

�

�

�

�

7KH� WDVN� RI� GUDZLQJ� IURP� WKH� FRQGLWLRQDO� SRVWHULRU�� a
a
� �Σ β Z ;�� PLJKW� VHHP

IRUPLGDEOH�EHFDXVH�RI� WKH� UHSDUDPHWHUL]DWLRQ�RI�Σ�� WKH�QRQ�FRQMXJDWH�QDWXUH�RI� WKH�SULRU�

DQG�WKH�UHVWULFWHG�UHJLRQ�RI�VXSSRUW�� �7KH�XQ�QRUPDOL]HG�FRQGLWLRQDO�SRVWHULRU�GHQVLW\�FDQ

EH�ZULWWHQ�

S Z ; S ( S 5 ( HWU 5 (( S 5 S
L

S

L�a
a
� � � �a � � � � � � �Σ Σ Λ Λ Λ Πβ λ= = ∝ − ′−

=

−

� �

�

�0 5> C 1 6

(
1

= ε ε
�
� �K

'LUHFW�GUDZV�IURP�WKLV�GHQVLW\�DUH�QRW�SRVVLEOH����$�YHU\�JHQHUDO�VROXWLRQ�WR�WKLV�SUREOHP�LV

WR�GHILQH�D�VXE�*LEEV�VDPSOHU DQG�GUDZ�WKH�HOHPHQWV�RI�Λ�DQG�5�RQH�E\�RQH��FRQGLWLRQDO�RQ

WKH�RWKHUV���7KLV�RQH�E\�RQH�PHWKRG�DOVR�DOORZV�RQH�WR�FRPSXWH�WKH�UHJLRQ�RI�VXSSRUW�IRU

HDFK�ULM�JLYHQ�DOO�RI� WKH�RWKHU�HOHPHQWV�� �6WLOO�� WKH�FRQGLWLRQDO�GLVWULEXWLRQV�DUH� LQ�YHU\�QRQ�

VWDQGDUG�IRUPV�� �$�KLJKO\�HIIHFWLYH�VROXWLRQ� WR� WKLV�SUREOHP� LV� WR�DGRSW�D�´*ULGG\µ�*LEEV
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VWUDWHJ\��5LWWHU�DQG�7DQQHU����������7KH�*ULGG\�*LEEV�VDPSOHU�XVHV�D�GLVFUHWH�DSSUR[LPDWLRQ

WR�WKH�FRQGLWLRQDO�GLVWULEXWLRQV�XVHG�LQ�WKH�VXE�*LEEV�VDPSOHU���:H�FKRRVH�D�JULG�RI�SRLQWV

LQ� WKH� VXSSRUW� RI� WKH� SULRU� DQG� VLPSO\� FRPSXWH� WKH� PXOWLQRPLDO� DSSUR[LPDWLRQ� WR� WKH

FRQGLWLRQDO� GLVWULEXWLRQ�E\� HYDOXDWLQJ� WKH� FRQGLWLRQDO� SRVWHULRU� GHQVLW\� DW� HDFK� RI� WKH� JULG

SRLQWV�� �,W�VKRXOG�EH�HPSKDVL]HG�WKDW� WKH�*ULGG\�*LEEV�6DPSOHU�GRHV�QRW�VXIIHU� IURP�WKH

GLUHFW� FXUVH� RI� GLPHQVLRQDOLW\� WKDW� ZRXOG� DIIOLFW� D� VWDQGDUG� GLVFUHWH� DSSUR[LPDWLRQ� WR� WKH

MRLQW�SRVWHULRU���:H�RQO\�HYDOXDWH�WKH�FRQGLWLRQDO�SRVWHULRUV��RQH�E\�RQH��DQG�QHYHU�KDYH�WR

HYDOXDWH� WKH� MRLQW�SRVWHULRU� DW� D� JULG� RI� SRLQWV� GHVLJQHG� WR� ILOO� WKH� HQWLUH� SDUDPHWHU� VSDFH�

)XUWKHUPRUH��WKH�JULGV�FDQ�EH�DGDSWLYH�VR�WKDW�ZH�RQO\�SXW�SRLQWV�LQ�UHJLRQV�ZKHUH�WKHUH�LV

KLJK�SRVWHULRU�PDVV���%DUQDUG�HW�DO��UHSRUW�HIIHFWLYH�XVH�RI�WKH�*ULGG\�*LEEV�PHWKRG�IRU�XS

WR����[����FRYDULDQFH�PDWULFHV�

��� %D\HVLDQ�5DQGRP�&RHIILFLHQW�RU�+LHUDUFKLFDO�0RGHOV�IRU�3DQHO�'DWD

$V� ZH� KDYH� GLVFXVVHG�� UHDVRQDEO\� SUHFLVH� LQIHUHQFHV� DERXW� WKH� 013� PRGHO

SDUDPHWHUV��SDUWLFXODUO\�FRUUHODWLRQ�DQG�FRYDULDQFH�SDUDPHWHUV��PD\�UHTXLUH�D� ODUJH�QXPEHU

RI�REVHUYDWLRQV��,W�LV�UDUH�WR�REVHUYH�RQO\�RQH�HFRQRPLF�DJHQW�PDNLQJ�FKRLFHV�EHWZHHQ�WKH

VDPH�VHW�RI�DOWHUQDWLYHV�RQ�PDQ\�GLIIHUHQW�RFFDVLRQV����/DUJH�VDPSOHV�DUH�REWDLQHG�LQ�013

DSSOLHG�ZRUN�E\�REVHUYLQJ�WKH�FKRLFHV�PDGH�E\�D�ODUJH�QXPEHU�RI�DJHQWV���)UHTXHQWO\��WKHVH

FKRLFHV�DUH�REVHUYHG�LQ�D�SDQHO�VHWWLQJ�LQ�ZKLFK�D�ODUJH�QXPEHU�RI�HQWLWLHV�DUH�REVHUYHG�IRU�D

UHODWLYHO\�VKRUW�SHULRG�RI�WLPH���,Q�WKHVH�SDQHO�VHWWLQJV��LW�LV�LPSRUWDQW�WKDW�WKH�013�PRGHO

EH�DEOH�WR�DFFRPPRGDWH�GLIIHUHQFHV�EHWZHHQ�HQWLWLHV�� �)URP�WKLV�SRLQW�RQ��ZH�ZLOO�UHIHU�WR

WKH�HFRQRPLF�HQWLWLHV�DV�KRXVHKROGV�HYHQ�WKRXJK�WKH\�FRXOG�MXVW�DV�HDVLO\�EH�ILUPV�

'LIIHUHQFHV� EHWZHHQ� KRXVHKROGV� LQ� PRGHO� FRHIILFLHQWV� RU� ´KHWHURJHQHLW\µ� KDV

UHFHLYHG�D�JRRG�GHDO�RI�DWWHQWLRQ� LQ� WKH�HFRQRPHWULF� OLWHUDWXUH���7KH� VWDQGDUG�DSSURDFK� WR
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WKLV�SUREOHP�RI�DFFRPPRGDWLQJ�KHWHURJHQHLW\�ZLWK�ODUJH�1�DQG�VPDOO�7�LV�WR�XVH�D�UDQGRP

FRHIILFLHQW� PRGHO�� � ,Q� WKH� 013� OLWHUDWXUH�� ZH� W\SLFDOO\� VHH� KHWHURJHQHLW\� PRGHOHG� DV� D

UDQGRP� FRHIILFLHQW�PRGHO� IRU� WKH� LQWHUFHSWV� �F�I�� %RUVFK�6XSDQ� DQG�+DMLYDVVLOOLRX� >����@��

7KHUH�LV�QR�SDUWLFXODU�UHDVRQ�WR�EHOLHYH�WKDW�KHWHURJHQHLW\�LV�UHVWULFWHG�WR�WKH�LQWHUFHSWV��IRU

H[DPSOH�� LW� LV� HQWLUHO\� UHDVRQDEOH� WKDW� GLIIHUHQW� KRXVHKROGV� PLJKW� GLVSOD\� GLIIHUHQW

VHQVLWLYLWLHV�WR�FKRLFH�FKDUDFWHULVWLFV�VXFK�DV�SULFH����,Q�DGGLWLRQ��D�GLVWLQFWLRQ�LV�RIWHQ�PDGH

EHWZHHQ�´REVHUYDEOHµ�KHWHURJHQHLW\��GLIIHUHQFHV�ZKLFK�DUH�OLQNHG�WR�REVHUYDEOH�DWWULEXWHV�RI

KRXVHKROGV�� DQG�´XQREVHUYDEOHµ�KHWHURJHQHLW\�ZKLFK� LV� RQO\� UHYHDOHG� E\� FKRLFH� EHKDYLRU�

7KHUHIRUH�� LW� LV� LPSHUDWLYH� WKDW� RXU� DSSURDFK� WR� PRGHOLQJ� KHWHURJHQHLW\� DFFRPPRGDWH

GLIIHUHQFHV� LQ� DOO�013�UHJUHVVLRQ�FRHIILFLHQW�SDUDPHWHUV� DV�ZHOO� DV� LQFRUSRUDWH�REVHUYDEOH

DQG�XQREVHUYDEOH�KHWHURJHQHLW\�

�����$�+LHUDUFKLFDO�$SSURDFK�WR�0RGHOLQJ�+HWHURJHQHLW\

7R�IL[�WKH�QRWDWLRQ��ZH�FRQVLGHU�D�SDQHO�RI�1�KRXVHKROGV�REVHUYHG�RYHU�7K�SHULRGV

IRU�HDFK�KRXVHKROG�

Z ; LLG 1
K W K W K K W K W� � � �

a �= +β ε ε � Σ0 5
K + W 7

K
= =� �� � � �K K

:H�PRGHO�WKH�KRXVHKROG�KHWHURJHQHLW\�YLD�DQ�DGGLWLRQDO�UHJUHVVLRQ�PRGHO�

β βK K K K
] Y Y 1 9= +∆ a ��3 8

]K� FRQWDLQV� D� YHFWRU� RI� G� KRXVHKROG� FKDUDFWHULVWLF� �´GHPRJUDSKLFµ�� YDULDEOHV�� � 7KXV�� HDFK

013� UHJUHVVLRQ� FRHIILFLHQW� LV� UHODWHG� WR� D� YHFWRU� RI� FKDUDFWHULVWLFV� DQG� DQ� XQREVHUYDEOH

FRPSRQHQW� Y�� � 7KH� XQREVHUYDEOH� FRPSRQHQW� KDV� D� JHQHUDO� FRYDULDQFH� VWUXFWXUH� RYHU

KRXVHKROGV���6LQFH�ZH�W\SLFDOO\�GR�QRW�ZDQW�WR�IL[�∆�DQG�9β�DV�NQRZQ��ZH�LQWURGXFH�SULRUV

IRU�WKHVH�FRPPRQ�SDUDPHWHUV��7KLV� LV�D�JRRG�H[DPSOH�RI�D�KLHUDUFKLFDO�%D\HVLDQ�PRGHO� LQ
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ZKLFK� WKH� VDPSOLQJ� PRGHO� DQG� VHW� RI� SULRUV� LV� EXLOW� XS� IURP� D� VHULHV� RI� FRQGLWLRQDO

GLVWULEXWLRQV�

7KH�FRPSOHWH�PRGHO�LV�VSHFLILHG�DV�IROORZV�

L�� \ Z
K W K W� �

LL�� Z ;
K W K W K� �

� �β Σ

LLL��� β βK K
] 9� �∆

LY�� Σ ν� 9

Y� ∆ ∆� �$ 9β

YL�� 9 9β βν �
�

∆� � �$ 9υβ �
� � DUH�K\SHU�SDUDPHWHUV�RI� WKH�SULRUV� IRU�∆� DQG�9β� �� �7KH� FRQGLWLRQDOV� L� DQG� LL

VSHFLI\� ZKDW� PRVW� FRQVLGHU� WKH� ´VDPSOLQJµ� PRGHO�� &RQGLWLRQDO� LLL�� VSHFLILHV� ZKDW

HFRQRPHWULFLDQV� FDOO� WKH� � ´UDQGRP� FRHIILFLHQWµ� PRGHO�� � ,Q� RXU� %D\HVLDQ� KLHUDUFKLFDO

DSSURDFK��WKH�FRQGLWLRQDOV�LLL�YL�VSHFLI\�D�MRLQW�SULRU�RYHU�WKH�VHW�RI�^βK�`���5RVVL��0F&XOORFK

DQG�$OOHQE\��������GLVFXVV�WKH�VSHFLILF�IRUP�RI�WKHVH�SULRUV�XVLQJ�WKH�FRQGLWLRQDOO\�FRQMXJDWH

IDPLOLHV�

7KH� SULRU� RQ�9β� � LV� HVSHFLDOO\� LPSRUWDQW� LQ� GHWHUPLQLQJ� KRZ�PXFK� LQIRUPDWLRQ� LV

VKDUHG�RU� ´ERUURZHGµ� DFURVV� KRXVHKROGV� LQ� SHUIRUPLQJ� LQIHUHQFH� DERXW� WKH� β
K; @ �� � ,I� WKH

SULRU� IRU�9β� � LV� WLJKW� DURXQG� D� VPDOO� YDOXH�� WKHQ� WKHUH�ZLOO� EH� H[WHQVLYH� VKULQNDJH� DQG� WKH

β
K; @�ZLOO�GLIIHU�OLWWOH���0RUH�GLIIXVH�SULRUV�RQ�9β�ZLOO�LQGXFH�OHVV�VKULQNDJH����,W�LV�LPSRUWDQW

WR�QRWH� WKDW� WKLV�SULRU�PXVW�EH�SURSHU� LQ�RUGHU� IRU� WKH� MRLQW�SRVWHULRU� LQ� WKLV�PRGHO� WR�EH

SURSHU�� � 7KXV�� HYHQ� ZLWK� YHU\� GLIILXVH� VHWWLQJV�� WKH� SULRU� RQ� 9β� PXVW� EH� LQIOXHQWLDO�� � %\
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PDNLQJ� WKLV� D� SURSHU� SULRU�� ZH� DUH� DVVHUWLQJ� WKDW� WKHUH� LV� VRPH� FRPPRQDOLW\� DPRQJ� WKH

β
K; @ �

*LYHQ�WKH�EDVLF�IUDPHZRUN�RXWOLQHG�IRU�WKH�IL[HG�FRHIILFLHQW�013�PRGHO�RXWOLQHG�LQ

VHFWLRQV���DERYH��LW�LV�D�VLPSOH�PDWWHU�WR�HODERUDWH�WKH�*LEEV�VDPSOHU�WR�LQFOXGH�FRQGLWLRQDO

SRVWHULRU�GUDZV�RI�WKH��∆�DQG�9β��ZKLFK�DUH�LQ�ZHOO�NQRZQ�PXOWLYDULDWH�QRUPDO�DQG�:LVKDUW

IRUP��VHH�5RVVL��HW�DO�>����@�IRU�GHWDLOV�����2XU�H[SHULHQFH�ZLWK�WKLV�PRUH�HODERUDWH�VDPSOHU�LV

WKDW� WKH�VDPSOHU�FRQYHUJHV�UDSLGO\�WR�D�VWDWLRQDU\�GLVWULEXWLRQ�EXW� WKDW� WKH�GUDZ�VHTXHQFHV

FDQ�EH�KLJKO\�DXWRFRUUHODWHG��QHFHVVLWDWLQJ�ORQJ�UXQV�IRU�DFFXUDWH�UHVXOWV�

,Q�VRPH�SUREOHPV�� LW�PD\�EH�XVHIXO� WR�PDNH� LQIHUHQFHV�DERXW�WKH�GUDZ�RI�βK� IRU�D

VSHFLILF�KRXVHKROG���,Q�WKH�%D\HVLDQ�KLHUDUFKLFDO�DSSURDFK��ZH�UHTXLUH�WKH�PDUJLQDO�SRVWHULRU

GLVWULEXWLRQ�RI��βK�
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K K
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)RUWXQDWHO\��ZH�FDQ�HDVLO\�PDUJLQDOL]H�RQ�βK�XVLQJ�WKH�VHTXHQFH�RI�*LEEV�GUDZV�SURGXFHG�DV

D�E\�SURGXFW�RI�RXU�SURFHGXUH���5RVVL�HW�DO��������PDNH�H[SOLFLW�XVH�RI�WKHVH�KRXVHKROG�OHYHO

SDUDPHWHU� LQIHUHQFHV� WR� VROYH� YDULRXV� WDUJHWHG� PDUNHWLQJ� SUREOHPV� ZKLFK� LQYROYH

FXVWRPL]LQJ�SURPRWLRQDO�RIIHUV�DW�WKH�KRXVHKROG�OHYHO���7KH�βK�GUDZV�FDQ�DOVR�EH�XVHG�DV�WKH

EDVLV�RI�DQ� LQIRUPDO�GLDJQRVWLF�SURFHGXUH�IRU�WKH�IRUP�RI�WKH�SULRU�RU�PL[LQJ�GLVWULEXWLRQ�

7KH� DVVXPSWLRQ�βK�a�1�∆]K��9β�� LV� RQO\� WKH� IRUP�RI� WKH� SULRU� IRU� HDFK� KRXVHKROG�� � 7KH

LQGLYLGXDO�KRXVHKROG�GDWD�FDQ�VKDSH�WKH�SRVWHULRU�IRU�KRXVHKROG�K�WR�D�GLIIHUHQW�IRUP���,I�ZH

OXPS� WRJHWKHU� DOO� GUDZV� DFURVV� DOO� KRXVHKROGV� DQG� ORRN� DW� WKLV� GLVWULEXWLRQ��ZH� FDQ� DVVHVV

ZKHWKHU� WKH� QRUPDO� SULRU� LV� DSSURSULDWH� WR� FKDUDFWHUL]H� WKH� GLVWULEXWLRQ� RI� βK� � RYHU

KRXVHKROGV�� �)RU�H[DPSOH�� LI�ZH�VHH�D�PXOWL�PRGDO�GLVWULEXWLRQ�� WKLV�PLJKW�VXJJHVW� WKDW�ZH

VKRXOG�LQYHVWLJDWH�PRUH�IOH[LEOH�SULRUV�
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,Q�D�FODVVLFDO� UDQGRP�FRHIILFLHQW�PRGHO�� WKH� OLNHOLKRRG� LV�DYHUDJHG�RYHU� WKH�PL[LQJ

GLVWULEXWLRQ� DQG� LQIHUHQFH� LV� RQO\� PDGH� DERXW� WKH� FRPPRQ� SDUDPHWHUV� RI� WKH� PL[LQJ

GLVWULEXWLRQ���2Q�WKH�RWKHU�KDQG��WKH�%D\HVLDQ�DSSURDFK�FRPELQHV�WKH�VPRRWKLQJ�DGYDQWDJHV

RI�WKH�IUHTXHQWLVW�UDQGRP�HIIHFWV�PRGHO�ZLWK�WKH�ULFKQHVV�RI�WKH�IL[HG�HIIHFWV�DSSURDFK���,Q

WKH�%D\HVLDQ�DSSURDFK�� WKHUH� LV�QR� UHDO�GLVWLQFWLRQ�EHWZHHQ� IL[HG�DQG� UDQGRP�HIIHFWV�RQO\

EHWZHHQ�LQGHSHQGHQFH�SULRUV��´IL[HGµ�HIIHFWV��DQG�GHSHQGHQW�SULRUV��KLHUDUFKLFDO�RU�UDQGRP

FRHIILFLHQW�PRGHOV��

���� ([WHQVLRQV

������1RUPDO�0L[WXUHV

7KH�QRUPDO�PL[LQJ�PRGHO� XVHG� LQ� VHFWLRQ� ���� DV� WKH� ILUVW� VWDJH� RI� WKH� KLHUDUFKLFDO

SULRU�FDQ�EH�FULWLFL]HG�DV�LQVXIILFLHQWO\�IOH[LEOH���,Q�PDQ\�VLWXDWLRQV��ZH�PLJKW�ZDQW�WR�VSHFLI\

D�SULRU�VWUXFWXUH�WKDW�ZRXOG�DOORZ�IRU�VRPH�JURXSLQJ�RU�FOXVWHULQJ�RI�KRXVHKROGV�LQWR�PRUH

KRPRJHQRXV�VXE�SRSXODWLRQV����2QH�ZD\�RI�DFKLHYLQJ�WKLV�ZRXOG�EH�WR�VSHFLI\�D�PL[WXUH�RI

QRUPDOV�DV�WKH�SULRU����7R�LOOXVWUDWH�KRZ�WKLV�PLJKW�EH�DFKLHYHG��ZH�ZLOO�VLPSOLI\�WKH�PRGHO�RI

VHFWLRQ� ���� WR� UHPRYH� WKH� KRXVHKROG� FKDUDFWHULVWLFV� YHFWRU�� ]K�� � ,Q� WKLV� PRGHO�� ZH� ZRXOG

VLPSO\�KDYH�D�QRUPDO�SULRU�ZLWK�D�IL[HG�PHDQ�YHFWRU�� β β βK
1 9a �3 8 �� � :H� FDQ� UHSODFH� WKLV

QRUPDO�GLVWULEXWLRQ�ZLWK�D�PL[WXUH�RI�QRUPDOV�
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:H�ZRXOG�KDYH�WR�LQWURGXFH�D�SULRU�IRU�WKH�λM�PL[WXUH�SUREDELOLWLHV��DQG� LW�ZRXOG�EH�PRVW

FRQYHQLHQW� WR� XVH� D� VWDQGDUG� QDWXUDO� FRQMXJDWH� 'LULFKOHW� SULRU�� � 7KH� PL[WXUH� RI� QRUPDOV

PRGHO�FRXOG�EH�HDVLO\�KDQGOHG�LQ�WKH�*LEEV�VDPSOHU�YLD�WKH�LQWURGXFWLRQ�RI�ODWHQW�LQGLFDWRU

YDULDEOHV� ZKLFK� VZLWFK� RQ� IRU� HDFK� RI� WKH� -� FRPSRQHQWV� LQ� WKH� PL[WXUH�� � 7KH� LQGLFDWRU
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YDULDEOHV�ZRXOG�KDYH�D�FRQGLWLRQDO�PXOWLQRPLDO�GLVWULEXWLRQ���*LYHQ�WKH�FRPSRQHQW�LQGLFDWRU

YDULDEOHV�� LQIHUHQFH� DERXW� WKH� SDUDPHWHUV� RI� HDFK� FRPSRQHQW� LQ� WKH�PL[WXUH� FDQ� EH� GRQH

XVLQJ�VWDQGDUG�QRUPDO�PRGHO�WKHRU\�

������ 0XOWLSHULRG�3URELW�0RGHOV

,Q�PDQ\� SDQHO� DSSOLFDWLRQV�� WKH� DVVXPSWLRQ� RI� LQGHSHQGHQFH� RI� WKH�PRGHO� HUURUV

DFURVV� WLPH� IRU� WKH� VDPH� KRXVHKROGV� LV� TXHVWLRQDEOH�� � ,W� LV� VWUDLJKWIRUZDUG� WR� H[WHQG� WKH

013�VDPSOHUV�WR�KDQGOH�HUURU�WHUPV�ZKLFK�IROORZ�DQ�$5�S��SURFHVV���7R�LOOXVWUDWH�WKLV�LGHD�

FRQVLGHU�D�ELQRPLDO�PXOWLSHULRG�SURELW�PRGHO���*HZHNH��.HDQH�DQG�5XQNOH��������FRQVLGHU

D� *LEEV� VDPSOLQJ� DSSURDFK� WR� WKH� PXOWLQRPLDO� PXOWLSHULRG� SURELW� PRGHO� DQG� FRQGXFW

H[WHQVLYH� FRPSDULVRQV�ZLWK� WKH�PHWKRGV�RI� VLPXODWHG�PRPHQWV� DQG�PHWKRG�RI� VLPXODWHG

OLNHOLKRRG�

7KH�ODWHQW�YDULDEOHV�VHW�XS�IRU�WKH�ELQRPLDO�PXOWLSHULRG�SURELW�LV�JLYHQ�DV�IROORZV�

Z [ ZKHUH % X 9DU XK W K W K K W K W S K W K W K W� � � � � � �� � �= ′ + = + =β ε ε εΓ 2 7 �

7KH�$5�SRO\QRPLDO� LV�SDUDPHWHUL]HG�E\�S�DXWRUHJUHVVLYH� �FRHIILFLHQWV�ZKLFK�ZH�GHQRWH�E\

WKH�YHFWRU�φ���7KH�XK�W��DUH�DVVXPHG�WR�EH�LQGHSHQGHQW�DFURVV�WLPH�DQG�KRXVHKROGV���:H�PXVW

LQWURGXFH�SULRUV�IRU�WKH�εK����DQG�φ���7R�LPSOHPHQW�WKH�*LEEV�VDPSOHU��ZH�PXVW�PRGLI\�RXU

VWUDWHJ\� IRU�GUDZLQJ�Z� DQG� DSSHQG� WZR� VHWV� RI� FRQGLWLRQDOV� WR� WKH�*LEEV� VWUXFWXUH�� �7KLV

*LEEV�VDPSOHU�FRQVLVWV�RI�WKH�IROORZLQJ�VHW�RI�FRQGLWLRQDOV�

Z \ ;β ϕ ε� � � �
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+HUH�β��ε�� �Z�\� DQG�;� � DUH� � VWDFNHG�YHFWRUV� �PDWULFHV��RI�KRXVHKROG�SDUDPHWHUV� DQG�GDWD�

7KH�GUDZ�RI�Z�SURFHHGV�XVLQJ� WKH� VDPH� VWUDWHJ\�DV�EHIRUH�H[FHSW� WKDW� WKH�DXWRFRUUHODWLRQ

VWUXFWXUH�FKDQJHV�WKH�XQLYDULDWH�QRUPDO�FRQGLWLRQDO�GLVWULEXWLRQ�RI�Z Z
K W K W� � −�

���,Q�DGGLWLRQ�

WKH�FRQGLWLRQDO�SRVWHULRU�RI�β�LV�FRPSXWHG�DV�EHIRUH�H[FHSW�RQ�WKH�RUWKRJRQDOL]HG�UHJUHVVLRQ

V\VWHP� �SUH�PXOWLSOLHG�E\� WKH�&KROHVN\� URRW�RI� WKH�FRUUHODWLRQ� VWUXFWXUH�ZKLFK� LV� DYDLODEOH

VLQFH�ZH�DUH�FRQGLWLRQLQJ�RQ�φ��

��� &RQFOXVLRQV

,Q�WKLV�FKDSWHU��ZH�LOOXVWUDWH�KRZ�%D\HVLDQ�LQIHUHQFH�FDQ�EH�DFKLHYHG�IRU�D�QXPEHU�RI

YDULDQWV�RI�WKH�PXOWLQRPLDO�SURELW�PRGHO���,Q�SDUWLFXODU��ZH�FRQVLGHU�YDULRXV�LQIRUPDWLYH�DQG

QRQ�LQIRUPDWLYH�SULRUV�RQ� WKH�PRGHO�SDUDPHWHUV�� DFFRPPRGDWLQJ�KHWHURJHQHLW\�RI�YDULRXV

IRUPV��QRQ�QRUPDO�PL[LQJ�GLVWULEXWLRQV��DQG�PXOWLSHULRG�PRGHOV���$OO�RI�WKHVH�VLWXDWLRQV�FDQ

EH�KDQGOHG�YLD�D�*LEEV�VDPSOLQJ�VWUDWHJ\�LQ�ZKLFK�D�0DUNRY�FKDLQ� LV�FRQVWUXFWHG�ZLWK�WKH

SRVWHULRU�GLVWULEXWLRQ�DV�LWV�LQYDULDQW�GLVWULEXWLRQ���([WHQVLRQV�RI�WKH�EDVLF�PRGHO�DUH�KDQGOHG

LQ�D�XQLILHG�IUDPHZRUN�E\�DSSHQGLQJ�DGGLWLRQDO�GLVWULEXWLRQV�WR�WKH�EDVH�*LEEV�VDPSOHU�

2XU� H[SHULHQFH� WR�GDWH�ZLWK� WKH�013�PRGHO�ZLWK�ERWK� DFWXDO� DQG� VLPXODWHG� GDWD

VXJJHVWV� WKDW� WKHUH� LV�PXFK�SURPLVH� LQ� WKLV� OLQH�RI� UHVHDUFK�� �$OO� RI� WKH�GDWD� VHWV�ZH�KDYH

DQDO\]HG� VWURQJO\� VXSSRUW� D� UHMHFWLRQ� RI� WKH� ,,$� SURSHUW\� ZKLFK� LV� DW� WKH� FRUH� RI� WKH

PXOWLQRPLDO�ORJLW�PRGHO���7KH�013�PRGHO�SURYLGHV�D�JUHDW�GHDO�RI�IOH[LELOLW\�DW�WKH�H[SHQVH

RI�D�FRPSOLFDWHG�DQG�KLJK�GLPHQVLRQDO�SDUDPHWHUL]DWLRQ�� �2XU�RZQ�H[SHULHQFH� LV� WKDW� LW� LV

GLIILFXOW� WR� PDNH� SUHFLVH� LQIHUHQFHV� DERXW� WKH� FRYDULDQFH� VWUXFWXUH� RI� WKH� ODWHQW� YDULDEOH
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HUURUV���7KLV�VXJJHVWV�WKDW�IXWXUH�VXFFHVVIXO�PRGHOLQJ�DSSURDFKHV�ZLOO�UHO\�RQ�UHVWULFWHG�013

PRGHOV�RU�LQIRUPDWLYH�SULRUV�

)LQDOO\�� %D\HVLDQ� PHWKRGV� RIIHU� DQ� DOWHUQDWLYH� WR� WKH� UHFHQW� FODVVLFDO� PHWKRGV� RI

VLPXODWHG�PRPHQWV�� VLPXODWHG� VFRUHV� DQG� VLPXODWHG�PD[LPXP� OLNHOLKRRG�� �7KHVH�PHWKRGV

SURYLGH� WKH� EDVLV� IRU� ILQLWH� VDPSOH� LQIHUHQFHV� DW� DSSUR[LPDWHO\� WKH� VDPH� RUGHU� RI

FRPSXWDWLRQ� GHPDQGV� DV� WKHVH� FODVVLFDO� DOWHUQDWLYHV�� � ,Q� DGGLWLRQ�� RXU�PHWKRGV� SURYLGH� D

QDWXUDO� DQG� IOH[LEOH� PHWKRG� IRU� PRGHOLQJ� KHWHURJHQHLW\� DQG� SURYLGH� KRXVHKROG� OHYHO

SDUDPHWHU�LQIHUHQFHV�VKRXOG�WKHVH�EH�QHHGHG���7KH�FKLHI�SUDFWLFDO�FRQFHUQ�LQ�WKH�DSSOLFDWLRQ

RI�RXU�PHWKRGV� LV� WKH� UDWH�RI� FRQYHUJHQFH�RI� WKH�*LEEV� VDPSOHU�� �2XU� H[SHULHQFH� LV� WKDW

FRQYHUJHQFH�LV�UDSLG�HQRXJK�IRU�UHOLDEOH�SUDFWLFDO�DSSOLFDWLRQ�



��26-

5HIHUHQFHV

%DUQDUG�� -�� �� 5�� (�� 0F&XOORFK�� DQG� ;�� 0HQJ� �������� ´6KULQNDJH� 3ULRUV� IRU� &RYDULDQFH
0DWULFHV�µ��ZRUNLQJ�SDSHU��8QLYHUVLW\�RI�&KLFDJR�

%RUVFK�6XSDQ�� $�� DQG� 9�� +DMLYDVVLOLRXV� �������� ´+HDOWK�� &KLOGUHQ�� DQG� (OGHUO\� /LYLQJ
$UUDQJHPHQWV�� $� 0XOWLSHULRG�PXOWLQRPLDO� 3URELW� 0RGHO� ZLWK� 8QREVHUYHG
+HWHURJHQHLW\�DQG�$XWRFRUUHODWHG�(UURUV�µ�LQ�'��:LVH��HG����7RSLFV�LQ�WKH�(FRQRPLFV�RI
$JLQJ��&DPEULGJH��1%(5���������

$OEHUW�� -�� DQG� 6�� &KLE� �������� ´%D\HVLDQ� $QDO\VLV� RI� %LQDU\� DQG� 3RO\FKRWRPRXV� 'DWD�µ
-RXUQDO�RI�WKH�$PHULFDQ�6WDWLVWLFDO�$VVRFLDWLRQ�������������

'DQVLH��%����������´3DUDPHWHU�(VWLPDELOLW\� LQ�WKH�0XOWLQRPLDO�3URELW�0RGHO�µ�7UDQVSRUWDWLRQ
5HVHDUFK��%����%�����������

*HOPDQ�� $�� DQG� '�� 5XELQ� �������� ´,QIHUHQFH� IURP� ,WHUDWLYH� 6LPXODWLRQ� 8VLQJ� 0XOWLSOH
6HTXHQFHV�µ�6WDWLVWLFDO�6FLHQFH�����������

*HPDQ�� 6�� DQG� '�� *HPDQ� �������� ´6WRFKDVWLF� 5HOD[DWLRQ�� *LEEV� 'LVWULEXWLRQV�� DQG� WKH
%D\HVLDQ�5HVWRUDWLRQ� RI� ,PDJHV�µ� ,(((�7UDQVDFWLRQV� RQ� 3DWWHUQ�$QDO\VLV� DQG�0DFKLQH
,QWHOOLJHQFH������������

*HZHNH�� -���0��.HDQH�� DQG�'��5XQNOH� �������� ´$OWHUQDWLYH�&RPSXWDWLRQDO�$SSURDFKHV� WR
6WDWLVWLFDO�,QIHUHQFH�LQ�WKH�0XOWLQRPLDO�3URELW�0RGHOµ��5HYLHZ�RI�(FRQRPLFV�DQG�6WDWLVWLFV
��������������

*HZHNH�� -��� � 0�� .HDQH�� DQG� '�� 5XQNOH� �������� ´6WDWLVWLFDO� ,QIHUHQFH� LQ� WKH� 0XOWLQRPLDO�
0XOWLSHULRG�3URELW�0RGHO�µ�IRUWKFRPLQJ��-RXUQDO�RI�(FRQRPHWULFV�

+DMLYDVVLOLRX��9��DQG�3��5XXG���������´&ODVVLFDO�(VWLPDWLRQ�0HWKRGV�IRU�/'9�0RGHOV�8VLQJ
6LPXODWLRQ�µ� LQ� (QJOH� DQG� 0F)DGGHQ�� HGV��+DQGERRN� RI� (FRQRPHWULFV�� $PVWHUGDP�
1RUWK�+ROODQG������������

.HDQH��0�� �������� ´$�1RWH�RQ� ,GHQWLILFDWLRQ� LQ� WKH�0XOWLQRPLDO� 3URELW�0RGHO�µ� -RXUQDO� RI
%XVLQHVV�DQG�(FRQRPLF�6WDWLVWLFV�������������

0F&XOORFK��5��(��DQG�3��(��5RVVL���������´$Q�([DFW�/LNHOLKRRG�$QDO\VLV�RI�WKH�0XOWLQRPLDO
3URELW�0RGHO�µ�-RXUQDO�RI�(FRQRPHWULFV�������������

0F&XOORFK�� 5�� (�� �� 1�� *�� 3ROVRQ�� DQG� 3�� (�� 5RVVL� �������� ´$� %D\HVLDQ� $QDO\VLV� RI� WKH
0XOWLQRPLDO� 3URELW� 0RGHO� ZLWK� )XOO\� ,GHQWLILHG� 3DUDPHWHUV�µ� ZRUNLQJ� SDSHU�
*UDGXDWH�6FKRRO�RI�%XVLQHVV��8QLYHUVLW\�RI�&KLFDJR�

1RELOH��$����������´$�+\EULG�0DUNRY�&KDLQ�IRU�%D\HVLDQ�$QDO\VLV�RI�WKH�0XOWLQRPLDO�3URELW
0RGHO�µ� � ZRUNLQJ� SDSHU�� ,QVWLWXWH� RI� 6WDWLVWLFV� DQG� 'HFLVLRQ� 6FLHQFHV�� 'XNH
8QLYHUVLW\�



��27-

5LWWHU��&��DQG�0��$��7DQQHU���������´)DFLOLWDWLQJ�WKH�*LEEV�6DPSOHU��WKH�*LEEV�6WRSSHU�DQG
WKH�*ULGG\�*LEEV�VDPSOHU�µ��-RXUQDO�RI�WKH�$PHULFDQ�6WDWLVWLFDO�$VVRFLDWLRQ��������������

5RVVL��3���5��0F&XOORFK�� DQG�*��$OOHQE\� �������� ´7KH�9DOXH�RI�3XUFKDVH�+LVWRU\�'DWD� LQ
7DUJHW�0DUNHWLQJ�µ�ZRUNLQJ�SDSHU��8QLYHUVLW\�RI�&KLFDJR�

7DQQHU�� 0� DQG� :�� :RQJ� �������� ´7KH� &DOFXODWLRQV� RI� 3RVWHULRU� 'LVWULEXWLRQV� E\� 'DWD
$XJPHQWDWLRQ�µ�-RXUQDO�RI�WKH�$PHULFDQ�6WDWLVWLFDO�$VVRFLDWLRQ�������������

7LHUQH\�� /�� �������� ´0DUNRY� &KDLQV� IRU� ([SORULQJ� 3RVWHULRU� 'LVWULEXWLRQV�µ� 7HFKQLFDO
5HSRUW�1R�������6FKRRO�RI�6WDWLVWLFV��8QLYHUVLW\�RI�0LQQHVRWD�

=HOOQHU��$�� ��������$Q�,QWURGXFWLRQ� WR�%D\HVLDQ�,QIHUHQFH� LQ�(FRQRPHWULFV��1HZ�<RUN�� -RKQ�:LOH\
DQG�6RQV�

=HOOQHU��$��DQG�3��(��5RVVL� ��������´%D\HVLDQ�$QDO\VLV�RI�'LFKRWRPRXV�4XDQWDO�5HVSRQVH
0RGHOV�µ�-RXUQDO�RI�(FRQRPHWULFV�������������


